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Power Flow – lossless TL

Lossless TL: z = -d
�𝑉𝑉 𝑑𝑑 = 𝑉𝑉0+(𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗+Γ𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗)

𝐼𝐼 𝑑𝑑 =
𝑉𝑉0+

𝑍𝑍0
(𝑒𝑒𝑗𝑗𝑗𝑗𝑑𝑑−Γ𝑒𝑒𝑗𝑗𝑗𝑗𝑑𝑑)

incident reflected
Time domain:

𝑣𝑣 𝑑𝑑, 𝑡𝑡 = |𝑉𝑉0
+|[cos ω𝑡𝑡 + 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ + |Γ|cos(ω𝑡𝑡 − 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ + 𝜃𝜃𝑟𝑟)]

𝑖𝑖 𝑑𝑑, 𝑡𝑡 =
|𝑉𝑉0

+|
𝑍𝑍0

[cos ω𝑡𝑡 + 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ − |Γ|cos(ω𝑡𝑡 − 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ + 𝜃𝜃𝑟𝑟)]

Instantaneous Power: 𝑃𝑃 𝑑𝑑, 𝑡𝑡 = 𝑣𝑣 𝑑𝑑, 𝑡𝑡 𝑖𝑖(𝑑𝑑, 𝑡𝑡)

𝑃𝑃 𝑑𝑑, 𝑡𝑡 = |𝑉𝑉0
+|2

𝑍𝑍0
[cos2 ω𝑡𝑡 + 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ − |Γ|2cos2(ω𝑡𝑡 − 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ + 𝜃𝜃𝑟𝑟)] [W]

(-d) direction toward load (+d) direction from load
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𝑃𝑃𝑖𝑖 𝑑𝑑, 𝑡𝑡 = |𝑉𝑉0
+|2

𝑍𝑍0
cos2 ω𝑡𝑡 + 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ [W]

𝑃𝑃 𝑑𝑑, 𝑡𝑡 = |𝑉𝑉0
+|2

𝑍𝑍0
[cos2 ω𝑡𝑡 + 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ − |Γ|2cos2(ω𝑡𝑡 − 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ + 𝜃𝜃𝑟𝑟)] [W]

𝑃𝑃𝑟𝑟 𝑑𝑑, 𝑡𝑡 = −|Γ|2 |𝑉𝑉0
+|2

𝑍𝑍0
cos2 ω𝑡𝑡 − 𝛽𝛽𝛽𝛽 + 𝜑𝜑+ + 𝜃𝜃𝑟𝑟 [W]

cos2 𝑥𝑥 =
1
2

(1 + cos 2𝑥𝑥 )

𝑃𝑃𝑖𝑖 𝑑𝑑, 𝑡𝑡 = |𝑉𝑉0
+|2

2𝑍𝑍0
(1 + cos(2ω𝑡𝑡 + 2𝛽𝛽𝛽𝛽 + 2𝜑𝜑+)) [W]

𝑃𝑃𝑟𝑟 𝑑𝑑, 𝑡𝑡 = − Γ 2 |𝑉𝑉0
+|2

2𝑍𝑍0
(1 + cos(2ω𝑡𝑡 − 2𝛽𝛽𝛽𝛽 + 2𝜑𝜑+ + 2𝜃𝜃𝑟𝑟)) [W]

DC term AC term

Power Flow – lossless TL

Incident power

Reflected power
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Time-Average Power – lossless TL

Can obtain time-average power from time domain:
𝑇𝑇 =

1
𝑓𝑓

=
2𝜋𝜋
𝜔𝜔

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖 = |𝑉𝑉0
+|2

2𝑍𝑍0
[W] 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑟𝑟 = − Γ 2 |𝑉𝑉0

+|2

2𝑍𝑍0
[W] 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑟𝑟 = −|Γ|2𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖 (𝑑𝑑) =
1
𝑇𝑇
�
0

𝑇𝑇
𝑃𝑃𝑖𝑖 𝑑𝑑, 𝑡𝑡 𝑑𝑑𝑑𝑑 =

𝜔𝜔
2𝜋𝜋

�
0

2𝜋𝜋
𝜔𝜔
𝑃𝑃𝑖𝑖 𝑑𝑑, 𝑡𝑡 𝑑𝑑𝑑𝑑

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖 + 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑟𝑟 =
|𝑉𝑉0

+|2

2𝑍𝑍0
[1 − |Γ|2] Independent of d

(since TL is lossless)

or



5

Time-Average Power – lossless TL

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖 = |𝑉𝑉0
+|2

2𝑍𝑍0
[W] 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑟𝑟 = − Γ 2 |𝑉𝑉0

+|2

2𝑍𝑍0
[W] 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑟𝑟 = −|Γ|2𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑖𝑖 + 𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎𝑟𝑟 =
|𝑉𝑉0

+|2

2𝑍𝑍0
[1 − |Γ|2]

Phasor domain:

𝑃𝑃𝑎𝑎𝑎𝑎𝑎𝑎 =
1
2𝑅𝑅𝑅𝑅{ �𝑉𝑉 � 𝐼𝐼∗}

Independent of d
(since TL is lossless)



Transients

Rectangular pulse is equivalent to the sum of two step functions



Transient Response

Initial conditions (t=0+)

Zin = Zo (RL does not appear)



Transient Response
Initial current and voltage

Reflection at the load

Second transient

Load reflection 
coefficient

Generator reflection 
coefficient



T = l/up is the time it takes the wave 
to travel the full length of the line

Voltage Wave



Current Wave

Reflection coefficient for current is the 
negative of that for voltage



Steady State Response



Bounce Diagram
Voltage



Bounce Diagram
Current



Voltage as function of time at z=l/4



Example



Summary
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Vector fields analysis 
(review)
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Cartesian Coordinates

Differential length vector: 𝑑𝑑𝑙𝑙 = �𝑥𝑥𝑑𝑑𝑙𝑙𝑥𝑥 + �𝑦𝑦𝑑𝑑𝑙𝑙𝑦𝑦 + 𝑧̂𝑧𝑑𝑑𝑙𝑙𝑧𝑧 = �𝑥𝑥dx + �𝑦𝑦𝑑𝑑𝑑𝑑 + 𝑧̂𝑧𝑑𝑑𝑑𝑑

Differential area vector: 𝑑𝑑𝑆𝑆𝑥𝑥 = �𝑥𝑥𝑑𝑑𝑙𝑙𝑦𝑦𝑑𝑑𝑙𝑙𝑧𝑧 = �𝑥𝑥𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 (y-z plane)

𝑑𝑑𝑆𝑆𝑦𝑦 = �𝑦𝑦𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑆𝑆𝑧𝑧 = 𝑧̂𝑧𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

Differential volume: 𝑑𝑑𝒱𝒱 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
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Cylindrical Coordinates

0 ≤ 𝑟𝑟 < ∞ 0 ≤ 𝜑𝜑 < 2𝜋𝜋 −∞ < 𝑧𝑧 < ∞

𝑟̂𝑟 × �𝜑𝜑 = 𝑧̂𝑧 �𝜑𝜑 × 𝑧̂𝑧 = 𝑟̂𝑟 𝑧̂𝑧 × 𝑟̂𝑟 = �𝜑𝜑

𝐴𝐴 = �𝑎𝑎 𝐴𝐴 = 𝑟̂𝑟𝐴𝐴𝑟𝑟 + �𝜑𝜑𝐴𝐴𝜑𝜑 + 𝑧̂𝑧𝐴𝐴𝑧𝑧

r  𝜑𝜑 z 
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Differential Length:

𝑑𝑑𝑙𝑙𝑟𝑟 = 𝑑𝑑𝑑𝑑, 𝑑𝑑𝑙𝑙𝜑𝜑 = 𝑟𝑟𝑟𝑟𝑟𝑟, 𝑑𝑑𝑙𝑙𝑧𝑧 = 𝑑𝑑𝑑𝑑

𝑑𝑑𝑙𝑙 = 𝑟̂𝑟𝑑𝑑𝑙𝑙𝑟𝑟 + �𝜑𝜑𝑑𝑑𝑙𝑙𝜑𝜑 + 𝑧̂𝑧𝑑𝑑𝑙𝑙𝑧𝑧
𝑑𝑑𝑙𝑙 = 𝑟̂𝑟𝑑𝑑𝑟𝑟 + �𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟 + 𝑧̂𝑧𝑑𝑑𝑧𝑧

Differential surface area:

𝑑𝑑𝑆𝑆𝑟𝑟 = 𝑟̂𝑟𝑑𝑑𝑙𝑙𝜑𝜑𝑑𝑑𝑙𝑙𝑧𝑧 = 𝑟̂𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝑑𝑑𝑆𝑆𝜑𝜑 = �𝜑𝜑𝑑𝑑𝑙𝑙𝑟𝑟𝑑𝑑𝑙𝑙𝑧𝑧 = �𝜑𝜑𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑

𝑑𝑑𝑆𝑆𝑧𝑧 = 𝑧̂𝑧𝑑𝑑𝑙𝑙𝑟𝑟𝑑𝑑𝑙𝑙𝜑𝜑 = 𝑧̂𝑧𝑟𝑟𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑

(𝜑𝜑 − 𝑧𝑧
cylindrical 
surface)

(𝑟𝑟 − 𝑧𝑧 plane)

(𝑟𝑟 − 𝜑𝜑 plane)

𝑑𝑑𝒱𝒱 = 𝑑𝑑𝑙𝑙𝑟𝑟𝑑𝑑𝑙𝑙𝜑𝜑𝑑𝑑𝑙𝑙𝑧𝑧 = 𝑟𝑟 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑Differential volume:

Cylindrical Coordinates
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Spherical Coordinates

�𝑅𝑅 × 𝜃̂𝜃 = �𝜑𝜑 𝜃̂𝜃 × �𝜑𝜑 = �𝑅𝑅 �𝜑𝜑 × �𝑅𝑅 = 𝜃̂𝜃

𝐴𝐴 = �𝑎𝑎 𝐴𝐴 = �𝑅𝑅𝐴𝐴𝑅𝑅 + 𝜃̂𝜃𝐴𝐴𝜃𝜃 + �𝜑𝜑𝐴𝐴𝜑𝜑

0 ≤ 𝑅𝑅 < ∞ 0 ≤ 𝜑𝜑 < 2𝜋𝜋0 ≤ 𝜃𝜃 ≤ 𝜋𝜋

Differential Length:

𝑑𝑑𝑙𝑙𝑅𝑅 = 𝑑𝑑𝑑𝑑, 𝑑𝑑𝑙𝑙𝜃𝜃 = 𝑅𝑅𝑑𝑑𝑑𝑑,𝑑𝑑𝑙𝑙𝜑𝜑 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝜃𝜃𝑑𝑑𝑑𝑑
𝑑𝑑𝑙𝑙 = �𝑅𝑅𝑑𝑑𝑙𝑙𝑅𝑅 + 𝜃̂𝜃𝑑𝑑𝑙𝑙𝜃𝜃 + �𝜑𝜑𝑑𝑑𝑙𝑙𝜑𝜑
𝑑𝑑𝑙𝑙 = �𝑅𝑅𝑑𝑑𝑅𝑅 + 𝜃̂𝜃𝑅𝑅𝑑𝑑𝑑𝑑 + �𝜑𝜑𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅

Differential surface area:

𝑑𝑑𝑆𝑆𝑅𝑅 = �𝑅𝑅𝑑𝑑𝑙𝑙𝜃𝜃𝑑𝑑𝑙𝑙𝜑𝜑 = �𝑅𝑅𝑅𝑅2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑑𝑑𝑆𝑆𝜃𝜃 = 𝜃̂𝜃𝑑𝑑𝑙𝑙𝑅𝑅𝑑𝑑𝑙𝑙𝜑𝜑 = 𝜃̂𝜃𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝑑𝑑𝑆𝑆𝜑𝜑 = �𝜑𝜑𝑑𝑑𝑙𝑙𝑅𝑅𝑑𝑑𝑙𝑙𝜃𝜃 = �𝜑𝜑𝑅𝑅𝑑𝑑𝑅𝑅𝑑𝑑𝑑𝑑

(𝜃𝜃 − 𝜑𝜑 spherical surface)

(R − 𝜑𝜑 plane)
(𝑅𝑅 − 𝜃𝜃 plane)

Differential volume: 𝑑𝑑𝒱𝒱 = 𝑑𝑑𝑙𝑙𝑅𝑅𝑑𝑑𝑙𝑙𝜃𝜃𝑑𝑑𝑙𝑙𝜑𝜑 = 𝑅𝑅2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑅𝑅 𝜃𝜃 𝜑𝜑
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Transformations

Cartesian to cylindrical:

𝑟𝑟 = + 𝑥𝑥2 + 𝑦𝑦2 𝜑𝜑 = 𝑡𝑡𝑡𝑡𝑡𝑡−1
𝑦𝑦
𝑥𝑥

𝑥𝑥 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑦𝑦 = 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟

𝑟̂𝑟 � �𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑟̂𝑟 � �𝑦𝑦 = 𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑

�𝜑𝜑 � �𝑥𝑥 = −𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 �𝜑𝜑 � �𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑

𝑟̂𝑟 = �𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + �𝑦𝑦𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�𝜑𝜑 = −�𝑥𝑥𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + �𝑦𝑦𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑

�𝑥𝑥 = 𝑟̂𝑟𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − �𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�𝑦𝑦 = 𝑟̂𝑟𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + �𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑
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Cartesian to spherical:

𝑅𝑅 = + 𝑥𝑥2 + 𝑦𝑦2 + 𝑧𝑧2 𝜃𝜃 = 𝑡𝑡𝑡𝑡𝑡𝑡−1
+ 𝑥𝑥2 + 𝑦𝑦2

𝑧𝑧
𝑥𝑥 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝜃𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦𝑦 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

�𝑅𝑅 = �𝑥𝑥𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �𝑦𝑦𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝑧̂𝑧𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

�𝑥𝑥 = �𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + 𝜃̂𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 − �𝜑𝜑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑧𝑧 = 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝜃𝜃

𝜃̂𝜃 = �𝑥𝑥𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃 + �𝑦𝑦𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃𝜃 − 𝑧̂𝑧𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃

�𝜑𝜑 = −�𝑥𝑥𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 + �𝑦𝑦𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑

�𝑦𝑦 = �𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + 𝜃̂𝜃𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑠𝑠𝑠𝑠𝑠𝑠𝜑𝜑 + �𝜑𝜑𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑
𝑧̂𝑧 = �𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝜃𝜃 − 𝜃̂𝜃𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃

𝜑𝜑 = 𝑡𝑡𝑡𝑡𝑡𝑡−1
𝑦𝑦
𝑥𝑥

Transformations
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Gradient of Scalar Field

Vector Analysis
𝐸𝐸 and 𝐻𝐻 are vector fields

Scalar Field  temperature 𝑇𝑇(𝑥𝑥,𝑦𝑦, 𝑧𝑧)

𝑑𝑑𝑙𝑙 = �𝑥𝑥dx + �𝑦𝑦𝑑𝑑𝑑𝑑 + 𝑧̂𝑧𝑑𝑑𝑑𝑑
dT along differential direction 𝑑𝑑𝑙𝑙

𝑑𝑑𝑑𝑑 = �𝑥𝑥
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

+ �𝑦𝑦
𝜕𝜕𝑇𝑇
𝜕𝜕𝑦𝑦

+ 𝑧̂𝑧
𝜕𝜕𝑇𝑇
𝜕𝜕𝑧𝑧 � 𝑑𝑑𝑙𝑙

Vector = temperature change in direction

Gradient of T (grad T)

𝛻𝛻𝑇𝑇 = 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑇𝑇 = �𝑥𝑥
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

+ �𝑦𝑦
𝜕𝜕𝑇𝑇
𝜕𝜕𝑦𝑦

+ 𝑧̂𝑧
𝜕𝜕𝑇𝑇
𝜕𝜕𝑧𝑧

𝛻𝛻 = �𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥 + �𝑦𝑦

𝜕𝜕
𝜕𝜕𝑦𝑦 + 𝑧̂𝑧

𝜕𝜕
𝜕𝜕𝑧𝑧

Define gradient operator:

We will introduce: Gradient  for scalar fields
Example of gradient  scalar field  temperature

Divergence, curl  for vector fields
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Gradient operator on scalar function  results in vector with:

mag = max rate of change of physical scalar per unit distance

Direction = direction of max increase

𝛻𝛻𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑟̂𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

+ �𝜑𝜑
1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝜑𝜑

+ 𝑧̂𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧

𝛻𝛻𝑠𝑠𝑠𝑠𝑠 = �𝑅𝑅
𝜕𝜕
𝜕𝜕𝑅𝑅

+ 𝜃̂𝜃
1
𝑅𝑅
𝜕𝜕
𝜕𝜕𝜃𝜃

+ �𝜑𝜑
1

𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
𝜕𝜕
𝜕𝜕𝜑𝜑

Gradient of Scalar Field

𝛻𝛻 = �𝑥𝑥
𝜕𝜕
𝜕𝜕𝑥𝑥

+ �𝑦𝑦
𝜕𝜕
𝜕𝜕𝑦𝑦

+ 𝑧̂𝑧
𝜕𝜕
𝜕𝜕𝑧𝑧
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Divergence of Vector Field

Flux lines of 𝐸𝐸 due 
to positive charge

Recall Coulomb’s Law  positive 
point charge q

𝐸𝐸 field will point outward, proportional 
to q and decreases as 1

𝑅𝑅2

𝐸𝐸 = �𝑅𝑅 𝑞𝑞
4𝜋𝜋𝜖𝜖0𝑅𝑅2

(V/m)

At surface boundary  define 
flux density: amount of outward 
flux crossing unit surface

Flux density of 𝐸𝐸 = 𝐸𝐸�𝑑𝑑𝑠𝑠
|𝑑𝑑𝑠𝑠|

= 𝐸𝐸� �𝑛𝑛𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐸𝐸 � �𝑛𝑛 ,    �𝑛𝑛 = normal to 𝑑𝑑𝑠𝑠

Total flux = ∮𝑠𝑠 𝐸𝐸 � 𝑑𝑑𝑠𝑠

Enclosed imaginary surface
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Differential rectangular volume for 
divergence of 𝐸𝐸

𝐸𝐸 = �𝑥𝑥𝐸𝐸𝑥𝑥 + �𝑦𝑦𝐸𝐸𝑦𝑦 + 𝑧̂𝑧𝐸𝐸𝑧𝑧

We sum up the flux through the 6 faces:

𝐹𝐹1 = �
𝑓𝑓𝑎𝑎𝑎𝑎𝑎𝑎𝑎

𝐸𝐸 � �𝑛𝑛1𝑑𝑑𝑑𝑑

𝐹𝐹1 = −𝐸𝐸𝑥𝑥(1)∆𝑦𝑦∆𝑧𝑧

= ∫( �𝑥𝑥𝐸𝐸𝑥𝑥 + �𝑦𝑦𝐸𝐸𝑦𝑦 + 𝑧̂𝑧𝐸𝐸𝑧𝑧) � (−�𝑥𝑥)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

Value at center 
(small surface)

Face 1

Divergence of Vector Field
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Differential rectangular volume for 
divergence of 𝐸𝐸

𝐸𝐸 = �𝑥𝑥𝐸𝐸𝑥𝑥 + �𝑦𝑦𝐸𝐸𝑦𝑦 + 𝑧̂𝑧𝐸𝐸𝑧𝑧

We shrink volume to ∆x and have: 

𝐹𝐹2 = 𝐸𝐸𝑥𝑥(2)∆𝑦𝑦∆𝑧𝑧

𝐸𝐸𝑥𝑥 2 = 𝐸𝐸𝑥𝑥 1 + 𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑥𝑥

∆x  (Taylor series 1st order)

𝐹𝐹2 = [𝐸𝐸𝑥𝑥 1 +
𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑥𝑥 ∆x]∆𝑦𝑦∆𝑧𝑧

𝐹𝐹1 + 𝐹𝐹2 = 𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑥𝑥

∆x∆𝑦𝑦∆𝑧𝑧

Do same 𝐹𝐹3,𝐹𝐹4,𝐹𝐹5,𝐹𝐹6

Face 2

𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑦𝑦

𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑧𝑧

Divergence of Vector Field
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�
𝑆𝑆
𝐸𝐸 � 𝑑𝑑𝑠𝑠 =

𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑥𝑥

+
𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑦𝑦

+
𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑧𝑧

∆x∆𝑦𝑦∆𝑧𝑧

�
𝑆𝑆
𝐸𝐸 � 𝑑𝑑𝑠𝑠 = (𝑑𝑑𝑑𝑑𝑑𝑑 𝐸𝐸)∆𝒱𝒱 Differential volume

Shrink ∆𝒱𝒱 0 div 𝐸𝐸 : divergence of 𝐸𝐸 div 𝐸𝐸 = 𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑦𝑦

+ 𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑧𝑧

Shrink ∆𝒱𝒱 0  divergence of 𝐸𝐸 defined at a point as (div 𝐸𝐸): net outward 
flux per unit volume over closed surface:

div 𝐸𝐸 ≡ lim
∆𝑉𝑉→ 0

∮𝑆𝑆 𝐸𝐸�𝑑𝑑𝑠𝑠
∆𝒱𝒱

s is surface encloses elemental volume v 

We use 𝛻𝛻 � 𝐸𝐸 to indicate div 𝐸𝐸 𝛻𝛻 � 𝐸𝐸 = 𝑑𝑑𝑑𝑑𝑑𝑑 𝐸𝐸 = 𝜕𝜕𝐸𝐸𝑥𝑥
𝜕𝜕𝑥𝑥

+ 𝜕𝜕𝐸𝐸𝑦𝑦
𝜕𝜕𝑦𝑦

+ 𝜕𝜕𝐸𝐸𝑧𝑧
𝜕𝜕𝑧𝑧

𝛻𝛻 � 𝐸𝐸:
negative if net flux lines in so enclosed volume contains sink

positive if net flux lines out so enclosed volume contains source

Zero: net flux =0  divergence-less



Divergence of Vector Field
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�
𝑆𝑆
𝐸𝐸 � 𝑑𝑑𝑠𝑠 = 𝛻𝛻 � 𝐸𝐸∆𝒱𝒱 → �

𝑣𝑣
𝛻𝛻 � 𝐸𝐸𝑑𝑑𝒱𝒱

Divergence theorem �
𝑣𝑣
𝛻𝛻 � 𝐸𝐸𝑑𝑑𝒱𝒱 = �

𝑆𝑆
𝐸𝐸 � 𝑑𝑑𝑠𝑠

Divergence of field 
from volume

Sum of flux through surface 
enclosing the volume

Divergence of Vector Field
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Curl of Vector Field

Curl of vector, 𝐵𝐵 rotation or circulation

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �
𝐶𝐶
𝐵𝐵 � 𝑑𝑑𝑙𝑙

Consider uniform 𝐵𝐵 field: 𝐵𝐵 = �𝑥𝑥𝐵𝐵𝑜𝑜 magnetic flux density
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Curl of vector, 𝐵𝐵 rotation or circulation: 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �
𝐶𝐶
𝐵𝐵 � 𝑑𝑑𝑙𝑙

Uniform 𝐵𝐵 field: 𝐵𝐵 = �𝑥𝑥𝐵𝐵𝑜𝑜 magnetic flux density

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �
𝑎𝑎

𝑏𝑏
�𝑥𝑥𝐵𝐵𝑜𝑜 � �𝑥𝑥𝑑𝑑𝑑𝑑 + �

𝑏𝑏

𝑐𝑐
�𝑥𝑥𝐵𝐵𝑜𝑜 � �𝑦𝑦𝑑𝑑𝑦𝑦

+�
𝑐𝑐

𝑑𝑑
�𝑥𝑥𝐵𝐵𝑜𝑜 � �𝑥𝑥𝑑𝑑𝑑𝑑 + �

𝑑𝑑

𝑎𝑎
�𝑥𝑥𝐵𝐵𝑜𝑜 � �𝑦𝑦𝑑𝑑𝑑𝑑

= 0 since �𝑥𝑥 � �𝑦𝑦 = 0

= 0 since �𝑥𝑥 � �𝑦𝑦 = 0

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝐵𝐵𝑜𝑜∆x−𝐵𝐵𝑜𝑜∆x = 0

Circulation of uniform field = 0

∆x = b – a = c – d

Curl of Vector Field
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Consider magnetic flux density, 𝐵𝐵 of infinite wire with dc-current = I

𝐵𝐵 = �𝜑𝜑
𝜇𝜇0𝐼𝐼
2𝜋𝜋𝜋𝜋

For circular contour, C, at radius r in 
x-y plane: 𝑑𝑑𝑙𝑙 = �𝜑𝜑𝑟𝑟𝑟𝑟𝜑𝜑

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜 𝐵𝐵 = �
𝑐𝑐
𝐵𝐵 � 𝑑𝑑𝑙𝑙

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = �
0

2𝜋𝜋
�𝜑𝜑
𝜇𝜇0𝐼𝐼
2𝜋𝜋𝜋𝜋 � �𝜑𝜑𝑟𝑟𝑟𝑟𝑟𝑟 = 𝜇𝜇0𝐼𝐼

Curl of Vector Field
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magnetic flux density, 𝐵𝐵 of infinite wire with dc-current = I

𝐵𝐵 = �𝜑𝜑
𝜇𝜇0𝐼𝐼
2𝜋𝜋𝜋𝜋

Take contour in x-z or y-z planes

 Circulation depends on contour and direction

𝛻𝛻 × 𝐵𝐵 = lim
∆𝑠𝑠→0

1
∆𝑠𝑠 �𝑛𝑛�

𝑐𝑐
𝐵𝐵 � 𝑑𝑑𝑙𝑙

𝑚𝑚𝑚𝑚𝑚𝑚

Curl of Vector Field

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑜𝑜𝑜𝑜 𝐵𝐵 = �
𝑐𝑐
𝐵𝐵 � 𝑑𝑑𝑙𝑙

circulation = 0 because there is no 𝜑𝜑 component



36

𝛻𝛻 × 𝐵𝐵 = curl of 𝐵𝐵 = circulation of 𝐵𝐵 per unit area, with area ∆S of contour C
selected such that circulation is maximum

𝐵𝐵 = �𝑥𝑥𝐵𝐵𝑥𝑥 + �𝑦𝑦𝐵𝐵𝑦𝑦 + 𝑧̂𝑧𝐵𝐵𝑧𝑧

𝛻𝛻 × 𝐵𝐵 = �𝑥𝑥
𝜕𝜕𝐵𝐵𝑧𝑧
𝜕𝜕𝑦𝑦 −

𝜕𝜕𝐵𝐵𝑦𝑦
𝜕𝜕𝑧𝑧 + �𝑦𝑦

𝜕𝜕𝐵𝐵𝑥𝑥
𝜕𝜕𝑧𝑧 −

𝜕𝜕𝐵𝐵𝑧𝑧
𝜕𝜕𝑥𝑥

+𝑧̂𝑧
𝜕𝜕𝐵𝐵𝑦𝑦
𝜕𝜕𝑥𝑥 −

𝜕𝜕𝐵𝐵𝑥𝑥
𝜕𝜕𝑦𝑦

𝛻𝛻 × 𝐵𝐵 =

�𝑥𝑥 �𝑦𝑦 𝑧̂𝑧
𝜕𝜕
𝜕𝜕𝑥𝑥

𝜕𝜕
𝜕𝜕𝑦𝑦

𝜕𝜕
𝜕𝜕𝑧𝑧

𝐵𝐵𝑥𝑥 𝐵𝐵𝑦𝑦 𝐵𝐵𝑧𝑧

Curl of Vector Field
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Useful Vector Identities

𝛻𝛻 × 𝐴𝐴 + 𝐵𝐵 = 𝛻𝛻 × 𝐴𝐴 + 𝛻𝛻 × 𝐵𝐵

𝛻𝛻 � 𝛻𝛻 × 𝐴𝐴 = 0

𝛻𝛻 × 𝛻𝛻𝑉𝑉 = 0
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Stoke’s Theorem

Surface integral of curl of vector over open surface S

 equivalent to line integral of vector along contour, C, bounding surface, S

�
𝑆𝑆
𝛻𝛻 × 𝐵𝐵 � 𝑑𝑑𝑆𝑆 =�

𝐶𝐶
𝐵𝐵 � 𝑑𝑑𝑙𝑙

Surface integral 
of field curl

Contour line integral of 
field enclosing surface
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Laplacian Operator

Divergence of the gradient of a scalar: 𝛻𝛻 � 𝛻𝛻𝑉𝑉

𝛻𝛻𝑉𝑉 = �𝑥𝑥
𝜕𝜕𝑉𝑉
𝜕𝜕𝑥𝑥

+ �𝑦𝑦
𝜕𝜕𝑉𝑉
𝜕𝜕𝑦𝑦

+ 𝑧̂𝑧
𝜕𝜕𝑉𝑉
𝜕𝜕𝑧𝑧

𝛻𝛻 � 𝛻𝛻𝑉𝑉 =
𝜕𝜕2𝑉𝑉
𝜕𝜕𝑥𝑥2 +

𝜕𝜕2𝑉𝑉
𝜕𝜕𝑦𝑦2 +

𝜕𝜕2𝑉𝑉
𝜕𝜕𝑧𝑧2

Laplacian of scalar: 𝛻𝛻2𝑉𝑉 = 𝛻𝛻 � 𝛻𝛻𝑉𝑉 =
𝜕𝜕2𝑉𝑉
𝜕𝜕𝑥𝑥2 +

𝜕𝜕2𝑉𝑉
𝜕𝜕𝑦𝑦2 +

𝜕𝜕2𝑉𝑉
𝜕𝜕𝑧𝑧2

Laplacian of vector: 𝐸𝐸 = �𝑥𝑥𝐸𝐸𝑥𝑥 + �𝑦𝑦𝐸𝐸𝑦𝑦 + 𝑧̂𝑧𝐸𝐸𝑧𝑧

𝛻𝛻2𝐸𝐸 =
𝜕𝜕2

𝜕𝜕𝑥𝑥2 +
𝜕𝜕2

𝜕𝜕𝑦𝑦2 +
𝜕𝜕2

𝜕𝜕𝑧𝑧2 𝐸𝐸

𝛻𝛻2𝐸𝐸 = �𝑥𝑥𝛻𝛻2𝐸𝐸𝑥𝑥 + �𝑦𝑦𝛻𝛻2𝐸𝐸𝑦𝑦 + 𝑧̂𝑧𝛻𝛻2𝐸𝐸𝑧𝑧

Laplacian of vector component

𝛻𝛻2𝐸𝐸 = 𝛻𝛻 𝛻𝛻 � 𝐸𝐸 − 𝛻𝛻 × 𝛻𝛻 × 𝐸𝐸
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Maxwell’s Equations

𝛻𝛻 � 𝐷𝐷 = 𝜌𝜌𝑉𝑉

𝛻𝛻 × 𝐸𝐸 = −
𝜕𝜕𝐵𝐵
𝜕𝜕𝑡𝑡

𝛻𝛻 � 𝐵𝐵 = 0

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽 +
𝜕𝜕𝐷𝐷
𝜕𝜕𝑡𝑡

- Hold in any material including vacuum

- 1873 James Clark Maxwell obtained from experiments

by: Coulomb, Gauss, Ampere, Faraday

Unified theory of electricity and magnetism
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𝛻𝛻 � 𝐷𝐷 = 𝜌𝜌𝑉𝑉

𝛻𝛻 × 𝐸𝐸 = −
𝜕𝜕𝐵𝐵
𝜕𝜕𝑡𝑡

𝛻𝛻 � 𝐵𝐵 = 0

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽 +
𝜕𝜕𝐷𝐷
𝜕𝜕𝑡𝑡

𝐸𝐸 = electric field intensity

𝐷𝐷 = electric field flux density
𝐷𝐷 = ϵ 𝐸𝐸 ϵ = electrical permittivity

𝐻𝐻 = magnetic field intensity

𝐵𝐵 = magnetic flux density
𝐵𝐵 = 𝜇𝜇𝐻𝐻 𝜇𝜇 = magnetic permeability

𝜌𝜌𝑉𝑉 = electric charge density per unit volume

𝐽𝐽 = current density per unit area

Maxwell’s Equations
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Static  𝜕𝜕
𝜕𝜕𝑡𝑡

= 0 , 𝜌𝜌𝑉𝑉 and 𝐽𝐽 are constant

Electrostatics: Magneto statics:

𝛻𝛻 � 𝐷𝐷 = 𝜌𝜌𝑉𝑉
𝛻𝛻 × 𝐸𝐸 = 0

𝛻𝛻 � 𝐵𝐵 = 0

𝛻𝛻 × 𝐻𝐻 = 𝐽𝐽
Static  decoupled

Electrostatics:
many applications – sensors, displays

Define sources – charge densities, current distributions

Maxwell’s Equations
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