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Power Flow — lossless TL

V(d) = Vy*(e/P2+Te B
Lossless TL: z=-d n

- Vi . :
[(d) = —— (e/Pa—TeiB)
Zo

\ J | J
| |

incident reflected

Time domain:

v(d, t) = |V, |[cos(wt + fd + @) + |T|cos(wt — Bd + @+ + 6,)]

Vo™ |

Zo

i(d,t) = [cos(wt + Bd + ¢t) — |T|cos(wt — Bd + @+ + 6,)]

Instantaneous Power: p(d, t) = v(d, t)i(d, t)

+
P(d,t) = IV(;_IZ [cos?(wt + Bd + @1) — |T|?cos?(wt — fd + ¢t + 6,)] [W]
0

J \ J
\ ! !

(-d) direction toward load (+d) direction from load



Power Flow — lossless TL

+
P(d,t) = IV;_IZ [cos?(wt + Bd + @T) — |T'|2cos?(wt — fd + T + 6,)] [W]
0

Pi(d,t) = cosz(oot + Bd + 1) [W]

1
Ve cos?(x) = = (1 + cos(2x
P"(d,t) = —|T|? lVZ - cos?(wt — Bd + @t +6,) [W] () =5( (2x))
0

DC term AC term

/

|V0 |2

P(dt)—

) [W] Incident power

PT(d,t) = —|T|* =— (1 + cos(Qwt — 2pd + 2¢* + 26,)) [W] Reflected power



Time-Average Power — lossless TL

Can obtain time-average power from time domain: 1 27
T = — = —
. 1 (7 . w (o . fow
Pl.(d)==| P'(d,t)dt=— Pt(d, t)dt
@ =7 [ Pi@oa=2 | Pia )
2 _ 2 Vo |2 r  _ _r|2pi
Pcfvg |V0 | [W] Pc{vg = —|T| ZO—ZO [W] or Fayg IT|* Pavg

Vo' |2
Pavg - Pcivg + Pcrvg ZZO [1 _ |F|2] Independent of d

(since TL is lossless)



Time-Average Power — lossless TL

+
T3

: Vo™ |2 _ 2 pi
Pavg = =7~ W] Pavg = —|1“|22°—Z0 W] Favg = —IT1"Pavg

- Vo' I?
Povg = Pivg + Plug = - [1—|T?] Independent of d
0 (since TL is lossless)

Transmission line
Zg O O
. Phasor domain:
1
g PE:IV Z
f}, @ - L 1 7 T*
b_ 4P21FV:|F|2P&{V Pavg=§Re{V'1}




Transients

- [

40 V(1)
Vi) = Vo u(?)

Vo

D o g
- [
T
e e e e e —- -
Va(t) = —Vo u(t — 1)
(a) Pulse of duration 7 (b) V(t)= Vi(t) + Va(?)

Rectangular pulse is equivalent to the sum of two step functions



Transient Response

t=0

Zy

R -
. Ig, > I'ransmission line
—
+
-

z=10 z=]

(a) Transmission-line circuit

Ry I
_W»_.lio
_|_
T i
V:.__ Vi gzu
[ |
- Q

(b) Equivalent circuit at #=0"

Initial conditions (t=07%)

Zin = Zo (R, does not appear)

[-i- VS
: Rg + ZO ,
Vo 7/
Vit =17y = —t2
RU _I_ ZO



Transient Response

Rg r:U .-l- . . L I- I e, 0 I d I
AA >‘—c ransmission line - nitial current and vo ’rage
+ VO'
Ve = VA Ry Iﬁ_ = = ;
Rg + ZO
T -I’ Z VO’ZO
z=0 z=] Vl_._:[l_._ZO:
(a) Transmission-line circuit

Reflection at the load

— -
Vi =TV,
(b) Equivalent circuit at 1 = 0"
Load reflection R Ry — 7y
. . = ————
coefficient R + Zo
Second transient

VF =TV, =TIV,

Generator reflection

R, — Zo
coefficient e

Rg+ZO



Voltage Wave

R, .. .
l I% > Transmission line
+

V, Z Ry
: — =z
z=0 z=1 T =1/u, is the time it takes the wave
(a) Transmission-line circuit to travel the full length of the line
Wz, T12) Mz, 3T12) V(z, 5T12)
_ + - +
4 $ (V1) $ /(Vl D) v
v+ /( ) v+ ) * / o+ : /
/PT L
V]+ V]+ A_I T‘\ V]+" V2+ =I'gl
— Vi =TLh
-z i >z i >z
0 [/2 [ 0 /2 / 0 l/2 /
(a) V(z)ate=TP (b) Wz)att=3T/2 (c) V(z)att=5T



& Transmission line
—_—)
+

Ve

¥

R t=0

VA

Q

Current Wave

~
)
L

z=10

(a) Transmission-line circuit

I(z, T/2)
A
/(‘Jl ]+)
-
0 2 /

(d) I(z)att =T/

Ry
—
z=]
Reflection coefficient for current is the
negative of that for voltage
7 =-Ivl,
+_ - — -
1(z,3772) iz, 5712)
A A
I =-TL1I{
) .
+ / (I +1) \ + (r+h +h) Uy +1p)
I \ nl /
! . R T L ol i /
BT
L'=-rehi
j -z j -z
0 2 / 0 /2 /

(e) I(z)att =3T)2

(f) I(z)att = 5T)2



Steady State Response

=10
lRI g. > Transmission line
+
Ve — 2y Ry

1 Vo Ry

l — =z VOO — R 1 R
z=10 z=1 g L

(a) Transmission-line circuit
; Voo B Ve
o0

" RL  R.+RL



Bounce Diagram
Voltage

z=0 z=1
tr=0
T
2T
3T
AT
V(l/4, 4T 5T
Y Y
f f

(a) Voltage bounce diagram



FZ—FL

Bounce Diagram . L
L _
Current (=0
T
2T
3T
4T
14, 41" 5T
Y

\
t

(b) Current bounce diagram



P=le 4 p 3w ™7t
=0 ————t—— =/
=0 | Vi
1
T
:FLV|+
2T L T
1
1 +
r,I2V 3T
° ° —_— 1 Lel D
Voltage as function of time at z=I/4 |
ar ‘. rirer’
V(i/4,47) ST
4
t t
(a) Voltage bounce diagram
7 7 ¥ +
"J’fff"h f) (1+ T+ T T+ T, T2+ T¢IV,
. (1 +TL+ T, T+ T, TPV,
'L=13 (1+Tp) .
['g=3/5 \ (1+T +T, TV ] :
+ 1 1
V ]
it , : L
1 . : 1
! 1 : '
L] 1 I 1
1 1 1
1 1 ! 1
[ 1 : 1
: —— : —— ! -
T T 7T 2T 9T 3T 15T 4T 17T 5T
4 4 4 4 4

(¢) Voltage versus time atz = //4
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125 Q

¢=—06 T =05

3

5V + — iy
‘ ‘ Z)=500 1500
0 lns o o
(a) Pulse circuit
(V)
6 Vi---
4vi
2V1 0.54 V |
: et £ (115)
123456189101112
2V 18V
4 V4

(c) Voltage waveform at the load

[,=-06 [ =05
R l/:4 l/:2 31./4 L=
t=0
I ns I ns
2 ns 2 ns
3 ns 3 ns
4 ns 4 ns
Snspe Sns
6 ns 6 ns
7 ns =47 ns
8 ns 8 ns
9 ns 9 ns
10 ns 10 ns
11 ns 11 ns
12 ns 12 ns

4 4

—— First step function

(b) Bounce diagram

Second step function



Summary

Chapter 2 Relationships

TEM Transmission Lines Step Function Transient Response
L'C' = pe yr_ VeZo
G o '™ Ry + Zo
Cc' & VgR
¢ Vo = 2 F
Rg =F RL
a =Re(y) = Re (VR + joL)(G + joC))  (Np/m) LR 7
7 Ry + Zo
B=TJm(y)=7Tm (\/(R’ 4+ joL)(G' 4+ joC ’)) (rad/m) R 7z
_ KL= 4p

M. =
R + joL’ R + jowL' R+ Zy
Zy= == (2)
Yy G' + jwC

~_a !
7L+ 1
1 62 (2n+ Da
Lossless Line up = (m/s) doin = — + @rt DA
A HE 4 4
a=0
up c 1 A0 1+ ||
f— L"C'r A. —_ - — S —
oy ffVE Ve - |r)
L!
c’ dmax = 7— + - Poy = —2—[1 = TP

27



Vector fields analysis
(review)

17



Table 3-1: Summary of vector relations.
Cartesian Cylindrical Spherical
Coordinates Coordinates Coordinates
Coordinate variables X, V. Z r.g.z R.O,¢
Vector representation A = XAy +VAy + 24, A, + $A¢ + A, RAp + éAg + $A¢.
Magnitude of A |A| = A2+ A3+ A2 {XAE + A2 + A2 \XAE + A2+ A2
Position vector 0131 = Xx| + Vv + 2271, Iry + 2z, RR;,
for P = (x1, 1, 21) for P = (r1,¢1. 21) for P = (R1.61.¢1)
Base vectors properties X'X=V:¥y=2-2=1 f-i“‘:nﬁ-(]?:i-i:l ﬁ-ﬁ:ﬁ-ﬁ:n{)-n{::l
R y=V:2=2-%=0 | f-d=¢-2=2-F=0 R-6=06-¢=0-R=0
Ixy=1 Pxd=17 Rx0=¢
VXZ=X dxz="1 Oxd=R
IxX=1 ixt=0 dbxR=9
X 0§z P67 R 6 ¢
Cross product A X B = Ax Ay Ag Ay Ap Az AR Ap Ay
Bx By B; B, By Bz Br By By

Differential length dl =

Xdx+Vdy+idz

Pdr+ordp+1idz

RdR +OR dO +dRsin0 do

Differential surface areas dsy =Xdydz dsy =Ttrdp dz dsp = RR2sind do do
dsy =y dx dz dsy =9 drdz dsy =ORsinf dR d¢
ds; =7dx dy ds; =1r dr d¢ dsy =R dR do

Differential volume dV = dx dy dz rdrde dz R%sin0 dR do dg




Cartesian Coordinates

Differential length vector: dl = xdl, +ydl, + 2dl, = xdx + ydy + Z2dz

Differential area vector:  dS, = %dl, dl, = 2dydz (y-z plane)

dS, = ydxdz
ds, = zdxdy
Z ds, =Zdxdy

e
>

d
dx

> ds, = Y dx dz

/ZI dz
*, dv = dx dy dz

al

s .
/ dsy =X dy dz

'—‘dy )
=

X

Differential volume: dV = dxdydz

19



Cylindrical Coordinates

z
1
\\ ———
S z =z plane e
S _—"
~, -
d"

~ ~ -

~ -

N - P=
~ = — \F Z

N B v (1, ¢1.21)

- N

- ~
~
" ~
- N,
-
”
=
=
-
J"
r=rq cylinder

0<r<ow 0<¢p<2m —0 <z <™
PXP=2 Gxz=F Z2XP=@ r>¢>z

20



Cylindrical Coordinates

A
g ds, =1Zrdrdo
& d(f) : c/S,:) i (|) dr dz
& dV =rdr dj dz
ds,. rr r:f(l:"J dz
o >y
¢

Differential volume:

Differential Length:

dl, = dr, dl, = rde, dl, = dz

dl = #dl, + ¢dl, + 2dl,
l

dl = #dr + ¢rde + 2dz

— Z
Differential surface area: L ((:ﬁlindrical

dS, = #dl,dl, = frdpdz  surface)
dS, = ¢dl.dl, = pdrdz (r —z plane)

dS, = 2dl,dl, = 2zrdrdp (r — ¢ plane)

AV = dl,dlydl, = r drdpdz

21



Spherical Coordinates

Rx0=¢ 6
N N A R sin 6 do
A =a|A| = RAg + 04g + @A S - 3
<

0<R<x 0

Differential Length:

dly = dR, dlg = Rd6,dl, = Rsinfdg
dl = Rdlg + Gdly + gdl,,

dl = RdR + ORdO + @Rsinfde

X

Differential surface area.: :
(6 — ¢ spherical surface)

N A A . /
dSg = Rdlgdl, = RR*sinfdfd¢p
dSp = Odlgrdl, = ORsinddRdp (R — ¢ plane)
dS, = pdlpdly = pRARAE (R — 6 plane)

Differential volume: ~ dV = dlzdlgdl, = R*sinfdRd6d¢p

22



Transformations

Cartesian to cylindrical:

r="x2+y2 <p=tan‘1(%)

X =1cosQ Yy =rsing

r-X=cosp #.9=sing

A\

|

= —sing @y = cose

xXcosp + ysing
—Xsing + ycose

RO
|

rcosQ — @sing

&
Il

/\

= 7sing + @cose

ol &

o »P(x, y, z)

(0]
|

~

y=rsing

. >y
\.x -
PGy 7 X =¥Fcos ¢

23



Transformations

Cartesian to spherical:

R="/x2+y2+ 22 9=tan‘1< -~

X = RsinfBcosq y = Rsinfsing Z = Rcos0
" R =ZXsinBcosg + Psinbsing + Zcos6
1 0 =ZxcosOcosp + ycosBsing — Zsinb
P = —Xsing + ycose

] RsinBcos@ + OcosOcosp — Psing

§ 37 = RsinBsing + cosOsing + Pcose
RcosO — Osind

=
x? T y2> Q= tan_l (y

X

)

24



Gradient of Scalar Field

We will introduce: Gradient - for scalar fields Divergence, curl - for vector fields
Example of gradient - scalar field - temperature Vector Analysis

E and H are vector fields

Scalar Field - temperature T(x,y,z)

dl = 2dx + ydy + 2dz
dT along differential direction dl

ar = 224 5L 4 2
“Fax Y9y T %0z
J
[
\ector = temperature change in direction

\

Gradient of T (grad T)

. _or _oT  oT
VI =gradT =X—+yV—+ 72—

dx dy 0z

: : ~ d 9, 9,
Define gradient operator: | 7 — § — 4+ 9 — 4 5
*ox Ve T4z




Gradient of Scalar Field

Gradient operator on scalar function - results in vector with:

mag = max rate of change of physical scalar per unit distance

Direction = direction of max increase

5_g0 o0 39
~Yox Yoy T %0z

_ a3 19 @
chl=7'5+§0;%+2£

A S L S S
sph = B GR T “Ra0 " P Rsind 09



Divergence of Vector Field

Recall Coulomb’s Law = positive

} Flux lines of E due .
point charge q

to pfositive charge

-

% t
% s R
~ / i E field will point outward, proportional
A N / / / to q and decreases as R_12
4—4—4—4—4———+(]—h——h—b—-—-+ N R
yar E = R—— (VIm)
4'7T60R
ol ‘ b T Imaginary
4 ‘ N spherical ]
L | L surface At surface boundary - define
‘ E flux density: amount of outward
i flux crossing unit surface

_ —~ E.dS E-Ads
Flux density of £ = —— =
|ds]| ds

=FE -7, A =normaltods

Total flux = § E - ds

\

Enclosed imaginary surface



Divergence of Vector Field

: 2 Differential rectangular volume for
ny . —
E divergence of E
(x, y+Ay, 2) Ax . I A A
o e d E = RE, + JE, + 2E,
E
Foce D / We sum up the flux through the 6 faces:
> 1 Face 1
--=J(x+Ax y 2) N
F]_ - j E * ﬁldS
X facel
= [(REx + VE, + 2E,) - (—%)dydz
X
z F, = —E,(1)AyAz

" Value at center

(small surface)

28



Divergence of Vector Field

Differential rectangular volume for
E
L~

divergence of E
/ E

—I-ﬁz

(x + Ax, y, 2) Face 2

J|" F, = E,.(2)AyAz

We shrink volume to Ax and have;

E = RE, + VE,, + 2E,

E.(2)=E, (1) + %Ax (Taylor series 15t order)

0E,
— X Do same F3, F,, Fz, F
F, = [E,(1) + Tx AX]AyAz 3,4, I's, I'g

JE, OE,
dy 0z

Fi+ Fy = 22 AxAyAz .



Divergence of Vector Field

. . |0E, O0E, OE,
fE -ds = + + AXAyAz
S 0z

dx  dy
ffﬁ . d5 = (div E)AV Differential volume
S
- . —_ . N . s a
Shrink AV> 0  div E : divergenceof E 2 divE = aaEx + Ly 05
X dy 0z

Shrink AV-> 0 - divergence of E defined at a point as (div E): net outward
flux per unit volume over closed surface:

— E-ds ]
divE = lim = > S is surface encloses elemental volume V
AV-> 0 AV
.7 tnindi A = = = E
We use V - E to indicate div E V.E:divgzaEx+ay+aEZ

0x ady 0z

V-E: [ positive if net flux lines out so enclosed volume contains source

A

negative if net flux lines in so enclosed volume contains sink

Zero: net flux =0 - divergence-less



Divergence of Vector Field

Divergence theorem f\7 .EdV = jg]f - ds
1% S

| J \ J
[ Y

Divergence of field ~ Sum of flux through surface
from volume enclosing the volume

31



Curl of Vector Field

Curl of vector, B - rotation or circulation

circulation = fﬁ . dz
C

Consider uniform B field: B = X B, magnetic flux density

>V
al ld
1 +Contour C
Ax AAX
bl ¢
Y | |
B

(a) Uniform field

32



Curl of Vector Field

Curl of vector, B - rotation or circulation: circulation = 5£ B-dl
C

Uniform B field: B = X B, magnetic flux density

= OAsince Xx-y=0
a4
‘ [ |
a e { L] L] b A\ A\ C A\ N
|} Contour C circulation = XB, - Xdx + | XB,-ydy
Ax AAx a b
d a
b . +j XB, - Xdx +j XB, - ydy
¢ 4 ;
¥
| y Y | - A A
‘ B =0sincex -y =0
X
(a) Uniioom 2icld circulation = B,Ax—B,Ax =0

Ax=b-a=c-d

Circulation of uniform field =0
33



Curl of Vector Field

Consider magnetic flux density, B of infinite wire with dc-current = |

For circular contour, C, at radius r In
x-y plane: dl = ¢rde

circulation of B = jﬁ .dl

c

2T ,\:u'OI

circulation = f P—- prde = ugl

0 2nr

“

/C urrent /

Contour C

>V

Q) I

w

4

(b) Azimuthal field

34



Curl of Vector Field

magnetic flux density, B of infinite wire with dc-current = |

= Mol
B=¢o—
¢ 21T

—_ =N

circulation of B = jB - dl

c

/C urrent /

Contour

Take contour in X-z or y-z planes

circulation = 0 because there is no ¢ component

—> Circulation depends on contour and direction )
(b) Azimuthal field
VxB=] 1m—[ fB dl]
As—0 As
max

35



Curl of Vector Field

V x B = curl of B = circulation of B per unit area, with area AS of contour C
selected such that circulation is maximum

dy 0z 0z
0B 0B
+2< - Y _ - x)
dl X y
contour C R
X y z
5 B - d a0 0
*B=ox ay oz
B, B, B,

36



Useful Vector Identities

N

Vx(A+B)=VxA+VxB
V-(VxA)=0

Vx(VV)=0

37



Stoke’s Theorem

Surface integral of curl of vector over open surface S
—> equivalent to line integral of vector along contour, C, bounding surface, S
j(ﬁxﬁ).ds*:jéﬁ.dz
S C

\ Contour line integral of

Surface integral field enclosing surface
of field curl

dl

contour C
38



Laplacian Operator

Divergence of the gradient of a scalar: . (ﬁv)

sy OV VoV
~ax T YVay %%

Z

N

0%V 0%V 0%V
) (VV) ~ Jx2 + 0y? T 072

0%V N 0%V N 0%V
0x? 0y? 0z?

Laplacian of scalar: V2V =V - (VV) =

Laplacian of vector: FE =

V2E = XV2E, + $V2E, + 2V2E,
l_Y_}
Laplacian of vector component

VPZE=V(V-E)—Vx(VXE)



Maxwell’s Equations

- Hold in any material including vacuum

- 1873 James Clark Maxwell obtained from experiments

by: Coulomb, Gauss, Ampere, Faraday

Unified theory of electricity and magnetism



Maxwell’s Equations

V-D= Pv
FxE=-22
XE=——
dt
V-B=0 B
P =]+ 28
X H = —
/ ot
E = electric field intensity |
_ o r D=€E e = electrical permittivity
D = electric field flux density
H = magnetic field intensity | _ N
_ _ _ - B =puH p@ = magnetic permeability
B = magnetic flux density

py = electric charge density per unit volume

J = current density per unit area



Maxwell’s Equations

Static > % = 0, py and J are constant

Electrostatics: Magneto statics:

_ _

E-DA= Pv Static > decoupled V-B=0
VXE=0 VxH=]

Electrostatics:
many applications — sensors, displays

Define sources — charge densities, current distributions
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